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Abstract

These are my own notes on Hartree-Fock theory of fermions. Please let
me know if you find mistake/typos. Please don’t distribute these notes,
since I can not guarantee their accuracy.

1 Hamiltonian

These are my personal notes (please don’t distribute, since I can not guarantee
their accuracy) that cover Hartree-Fock approximation as well as other necessary
things to make a hopefully coherent story. The non-relativistic Hamiltonian for
N electrons and M nuclei is
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where I think the notation is self-explanatory, the capital letters denote the
nuclei. The Born-Oppenheimer approximation assumes that, because of the
mass difference, we can ignore kinetic energy of the nuclei and that the po-
tential energy due to nuclear-nuclear interactions is a constant, which we can
ignore, because the zero of energy is defined arbitrarily. I will also denote the
electron-nuclei interaction as vez+(r). The nuclei information (i.e. coordinates
and charge...) will be a set of parameters, which we are given to us and we then
try to solve the electronic problem. Our Hamiltonian is
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for the many body energy and wavefunction ¥ = ¥(xy,Xa,...,Xy), Where
x; = {r;, $;}. The usual story:

[P (x1, X2, ..., XN)\2 dridrs...dry = probability of finding the system with
position coordinates between (rq,rs...ry)
and (r; +dry,ro + dra..ry + dry) and spin
coordinates (s1, 82, ..., SN)-

The variational principle says that any function will have an energy expec-
tation value that is greater than the true ground state, other than the exact
ground state wavefunction. Proof:(Sakurai-I, page-313)

For a trial ket |0) for the ground state of the(any) system (the system
has ground state energy Ey)
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In general the spirit of the current approach is to find the wavefunction from
which the density of the system can be calculated trivially

E[U] = T[]+ Ve [V] + Ve [¥]
E, n}gn E[Y].

The Hartree-Fock approximation is one method for finding the approximate
wavefunction, from which everything else is obtained.

2 Hartree-Fock approach
Going back to
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2.1 Hartree:

If one didn’t have to worry about Coulomb interaction, the Hamiltonian would
be separable to single particle wavefunctions can be found

h(i)¢y(ri) = exdy(rs)
The spin the particles can be included by using the single particle wavefunc-

tion ¥y, (x;) = ¢ (ri)a(si), @p(ri)B(s;) for the spin functions «(s;) and B(s;).
Then the Hartree ground state wavefunction is then given by
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one could use this as a variational wavefunction and ask: which set of
single particle wavefunctions ¢, (r;) can minimize the energy via the
variational principle. Of course, there is no guarantee that one reaches a ("true":
physical ground state of the system) minimum with this approach, nevertheless
this is a possibility (assuming normalization of the state).
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The above equation is what I would have written if I had to guess the energy
for a classical electron gas would be, i.e. just the addition of kinetic energy, the
classical Coulomb energy and the external energy of the system (of course there
would be no wavefunctions in the classical picture). The above wavefunction
U(X1,X2, ..., Xy) = ¥1(X1)5(X2)... 00 y(xn) has no correlation in it. This is
easy to see since the probability of finding a particle with coordinates x; is
independent of all other particles, since the function is separable. Another
problem is that the wavefunction does not satisfy the Pauli exclusion principle
(this is nonrelativistic quantum mechanics, so we have to enforce Pauli exclusion
principle by hand).

2.2 Hartree-Fock

Lets consider a two particles system, one could write the following wavefunction
that would satisfy the Pauli exclusion principle

1
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which is obviously anti-symmetric under exchange of the two particles

W(x1,%x2) = (1 (x1)9(x2) — 1y (x2)1a(x1))

U(xa,x1) = %wl(xm(xl)—w1<xl>w2<><2>> - U(x,x)
_ L Yy(x1)  Pa(x1) — L e
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note that ¥(x,x) = 0, which is nice. We then generalize the above anti-
symmetrization to N particles and write the IV particle Slater determinant:

Yy(x1) - .o Pn(x1)
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"The Hartree-Fock approximation is the method whereby the orthonormal
orbits 1, are found that minimize [the energy] for this determinantal form of
U." Now we can evaluate the energy expectation value (Parr-Yang page-7 and
long derivation in Szabo and Ostlund)
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it is important to note that the self interaction (SI) term is taken care of
very beautifully (and I think accidentally) in the Hartree-Fock approximation.
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This SI energy is a problem for some of the more sophisticated many body
methods, that is why I find it interesting that HF, i.e. the simplest approxima-
tion seems to deal with it in such a nice way, I think this just say Pauli exclusion



principle is fully taken care of, whereas in other approximations, this might not
be true, but this is just a guess.

Now we will use the Lagrange multiplier method to minimize the above
energy with respect to the wavefunctions v, using the constraint
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By simply carrying through the derivatives (and the complex conjugate of
the above analysis), one ends up Par-Yang equation-1.3.7-1.3.12
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the general form Fq/) Z €ij4;(x) include the general Lagrange multi-

pliers ¢;;, which is Hermitian, i. e eu = €;;. [ will come back to this in a minute.
From the above equation
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but we already know that

N L
Enpr = ZHi t3 Z (Jij — Kij)
i=1

ij=1
therefore
N N
ZQ’ = Enrtg Z (Jij — Kij)
=1 7,7=1
N 1N

N
The term % Z (Jij — Kij) is exactly the total Coulomb contribution to the
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Hartree-Fock Theory. An important point that we will come back to in DFT is
N

that Egp # Z €; (There is a, somewhat physical, discussion of this term on
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page 124 or Szabo/Ostlund). So the above discussion gives the equations

N
Fyy(x) = eijih;(x)
i=1
we can always change the basis as to diagonalize the matrix €, see pages
10-11 of Parr-Yang and page-120 of Szabo-Ostlund. Therefore one has to deal
with R
Fipi(x) = €ip;(x).

From the expression for
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it is clear that the Hartree-Fock equations are self-consistent equations that
have have to be solved iteratively. In practice, to solve Hartree-Fock equa-
tions, one can introduce a fixed basis and span the unknown single particle
wavefunctions in that basis. This leads to matrix equations and hence an eigen-
value/eigenvector problem (see page 136-rest of chapter 3 of Szabo and Ostlund).

K
Yi(x) = Zcmgb#(X)
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i = 1.K



where the set {¢,} is a set of known functions. If the set is complete,
this would give exact solutions, and any complete set of basis could be used.
In practice, since one can only deal with finite matrices, the choice of basis is
important. Different forms of the expansions are appropriate for a given problem
at hand. "In the case of the restricted closed-shell Hartree Fock one gets the
"Roothaan" equations, whereas for unrestricted open-shell Hartree-Fock, one
has "Pople-Nesbet" equations." For a detailed discussion, see sections 3.4-3.8 of

Szabo-Ostlund.

The exchange term: I want to go back and look at the exchange term and

consider two electrons.

Voo x)f dadxy = gy (e)a(x) — v (e () dxr s

= % (P71 (x2)93(x1) — 97 (x1)15(x2)) (P01 (X2) o (X1) — 11 (x1)o(x2)) dx1dxs
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the probability of finding the particle 1 at space coordinates 1 and particle 2
at space coordinate 2, is obtained by by integrating over the spin degrees of

freedom: P(ry,r2)

1
P(I‘17P2)=§
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= [ [t (xa)dsids,
= [ [ awieaatxui dsadss

Case-1: two fermions with different spins

Yi(x1) =
Pi(x2) =

Po(x1) =
Po(x2) =

¢1(r1)a(s1)
¢ (r2)a(s2)

$o(r1)B(s1)
$o(r2)B(s2)
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Case-2: two fermions with the same spin

Yi(x1) = ¢p(r1)afsr)
Yi(x2) = ¢(r2)a(sz2)

Ua(x1) = dy(ri)a(s)
Ua(x2) = dy(r2)a(ss)

|1 (x2)[* [ (x1)|” dsidsa + |¢1 (x1)[* o (x2)|?
/ / [y ()] (k1) [ (x2)]* 1 (3c2)ds1disy

_//1/}1 (x1) [Wo(x1)]" ¥g(x2) [1hy (x2)]" ds1dsa

_ 1( |61 (x2)[? oo (1) | dsadsa + |6y (x1)[* [y (3x2) | )
2 —2Re (¢ (r1)¢,(r1) 03 (r2)d; (r2))

Note the minus sign, the electron density includes a "hole" (Fermi hole)
due to Pauli exclusion principle. This is simply saying that Pauli exclusion
principle keeps electrons away from each other independent of the
repulsive Coulomb interaction. We will come back to this in the context
of density matrices. The correlation energy is, usually, defined as the energy
beyond Hartree-Fock energy

P(r17r2)

N |

Ecorr =F- EHF-

3 density matrix language

This section follows closely chapter 2 of Parr-Yang. 1 will first review the usual
density matrix formalism for both pure (the extended formalism for mixed states
is discussed in Parr-Yang, for example) and then go on to essentially write the
expectation value of a general Hamiltonian, using density matrices, which will
be then useful to see what is meant by HF and beyond....etc. For a pure state

10



of N interacting particles |¥), the density matrix (v is used here, because p is
sometimes used for density)

v = [UNY

the real space representation is then

(X, Xy ey Xy AN X1, X2y s X ) = (X, XG, ey Xy [N (W] x1, X2, ooy XN )

= U(X], X, ooy X )W (X1, X2, ey XN )

the usual properties of the pure state density matrix are

tr(]UY(P]) = /<x17x2,....,xN [V 3 1X1, X2,y ooy XN )X . dX
= /<x17x2, ey XN U (U |x1, Xo, e, XN VX dxXy = 1

which is the normalization condition. Also

Iv-An = [P (I] =Ty
tr(in) = 1

one can define the following useful reduced-density matrices

’Y (X17X27X17X2

—1
*
= U(x], X5, X3, ooy XN )UF (X1, X2, X3, ooy XN )dX3...dX N

and

1(xXx1) = N/-~-/\I/(x’l,XQ,....,xN)\I/*(xl,Xg,....,XN )dxs...dxX N

then

tr(vy(x],X5; X1, X)) = //72 X1, X2; X1, X2)dx1dxs

*
/ / (X1,X2,X3, .0, XN )U* (X1, X2, X3, ..o, XN )dX1dXodX3...dX N

11



tr(m(ix)) = /vl<xl;xl>dx1

N/"'/\I/(Xl,X27....,XN)\I/*(Xl,XQ,....7XN)dX1dX2...dXN
N

also
2
T (xp5%1) = ﬁ/'YQ(X/le%Xl,)Q)dXQ
2 N(N-1
— ( )/~-~/\I/(X/1,X2,X37~-~-,XN )\IJ*(XhXQ,Xg,....,XN )dXQng,...dXN
N -1 2
= mxx)

Also 71 (x1;%1) > 0 and v,(x1,X2;X1,%2) > 0 (i.e. are semidefinite) and
Hermitian

Yi(xx1) = yi(xx))

72(xllax/23xlvx2) = ’7;(xlvx25xllvxl2)

and from the antisymmetry of the wavefunction with respect to exchange
of particles, any reduced density matrix changes its sign on exchange of two
primed or two unprimed particle indices.

’Yz(xiaxlz;xl,xz) = —72(X'27X'1;X1,X2) = —72(X'17X/2;X2»X1) = 72(X/27X'1;X2,X1)

as usual the expectation value of any operator is then

(4) = tr(Ayy) = tr(GnA)
= /(x'l,x’z, ey X AN ALK XD e, Xy )dX] L dX
= /(x'l,x’z, ey X TN XL X2y ey X (X, X2y ey XV AKX, XY, ey Xy VX dX g dX )y dX

If Ais a single particle operator of the form

N
A= Z A\(xi, x})
i=1

then
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i=1

(X1, X2, eeeey XN |A(X5, X5) | X, X, ooy Xy VX1 dX] . dx v dXy
N

Z/(xl,XQ, Xy XN [V X1, X2, X XN ) X
i=1

(x; |121\(xi, x})|x; Ydx ...dx;dxX...dx 5

N

Z/<X1,X2,..X;..,XN [U)(T|x1, X2, .. Xjey XN ) X
i=1

(x; |A(x, X)) |x! Ydxy...dx;dx,...dx

N
Z/\Il(xl,XQ,..xg..,xN)\If*(xl,XQ,..xi..,xN) X
i=1

(x; |A(x;, %)%} Vdxy...dx;dx,...dx

but
N/~~/\Il(x'1,xQ,....,xN YU* (X1, X2, ooy X )dX2...dX N

N
N2 [ i) o A )

=1

N

1

N § :/71(X;§Xi)A(X¢,X§)dxidx2
i=1

I don’t quite understand equation 2.3.22 of Parr-Yang where they seem to
have reduced everything to particle-1!!

<A\>ParrfYang = /71(X/1§X1)A(X1,X,1)dxldxll

For a two particle operator then (assumed to be local)

N
B\ = Z E(Xi,Xj)
i,j=1

13
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i,j=1

X (X1, Xg, oy XN | B(X4, X)X, X ooy Xy Vdxy d Xy dXy

N
= Z /<X/1,X/2,....,XIN [U) (U |x1, X2, ooy X ) X

ij=1

(X1,X2, ooy XN |§(xi,xj)|x’1,x’2, ooy X VX1 dX] . dX N dX

N
= Z /\I/(X/17X12,....,X/N')\II*(Xl,XQ,....,XN) X
4,j=1
/.

! / /
G XN Ydx1dx]...dxnydX'y

(X1, X2, . X4, Xj.., XN |B(xi,xj)|x'17x’2, XX

N
- Z /\II(Xl,XQ,..X,/L-,X‘/j..,XN)\I]*(Xl,XQ,..Xi,Xj..,XN) X
ij=1
(Xi,%; \ﬁ(xi,Xj)|x§,X})dxl..dx;dx;-dxidxj..de
N
2 V. n V— 1 3!
= mz 72(Xiaxj;xiaxj)<xiaxj|B(Xi7Xj)|Xi7xj>dXidxjdXidxj

1,j=1

N
~ 2
(By = NN-T) Z /72(xi,xj;xi,xj)B(xi,xj)dxidxj

i.j=1

2

17720065363

N(N —
/ /
= / . ./\IJ(X17X27 X5, X, XN )W (X1, X, X, X, XN ) X
/ / / /
dxldxz..dxi_ldxj_ldxi_ldxj_1dxi+1dxj+1dxi+1dxj+1..de

and again, I am not getting Parr-Yang equation 2.3.26

~

<B>Pa'r”r—erLg = / [72 (Xllv X/Q; X1, X2) B(Xla X2)];pl1:ajl)aj,2:w2 dxydx;

nevertheless it is clear that total energy can be written as (at least of the
form)

14



E = <f1>=}vi J (592 vt ) )| ax

X, =xX;

NN-D Z//'yz xl,x],x“xj) dxldxj

4,j=1
ie. if we knew 7, (x};x;) and ~5(x;,X;;X;,%;) then we would know the
total energy, of course this is where all of many-body science sits. In fact if we
knew v, (x;,X;j;X;,X;) then from v, (x};x1) = 27 [ 72(x], X2; X1, %2)dx2, in

principle, we could evaluate 7, (x};x1), and then we would be done, at least as
far as the energy goes. So lets see if we can develop an intuition for what these
reduced-density matrices means.

Lets simplify the above expression by extracting the spin degrees of free-
dom out of the above expressions. There is a very interesting discussion on
N-represntability on page 31-32 of Parr-Yang and also very interesting work
by a number of people, in particular (in my opinion) the Mazziotti group in
Chicago has done a lot of nice work on this. In any event to get rid of spins,
one does the usual integration (sum will be written in the general form of an
integral):

o _
v1(ris1;r181) = N/ / (r}s1,T282, ... TNSN )

(1‘151,1‘252,.. I‘NSN)dI‘QdSQ dI‘NdSN

Pl(f/pl‘l) = /7’1(1‘/181;1“181)d81

= N/ / (r}s1,T282, ... TNSN )

(1‘151,1'252,.. I‘NSN)d.SldI‘QdSQ dI'NdSN

-1
/ / . _ / /
Yo (rys1, 582,151, T282) = — 9 oo [ W(r]si,ry82,r383, ..., INSN )

*
XW*(r181,r282,r383, ..., I NSN )dradss...drydsy

/ ! ! !
po(r],Th;1r1,10) = //72(1'131,1'252;rlsl,rQSQ)dsldSQ

N(N -1
_ %/.../\I}(r/lsl,rIQSQ,I'gS:;,....,I'NSN)

X\I/*(I‘lsl, roS9,1383,....,YNSN )dsldSle‘gdSQ,...dI‘NdSN

15



shorthand notation

p(r1) = py(ry,ri)
N/---/|\IJ(r151,r232,....,rNsN)\2d31dr2d52...drNdsN

which is the electron density at r; and

pa(r1,r2) = py(r1,Ta5T1,T2)
N(N -1
%/~~/\\I/(rlsl,rQSQ,rgsg,....,rNsN)|2 d51d82d1‘3d53..
and
pr) = [isims)ds

2
— m//ny(r'lsl,rQSQ;1'131,I'gSg)ngclsldrg

2
N-1

pl(rlla 1‘1)

/Pz(rllarQeryrQ)er

in particular

2
p(ry) = ﬁ/pQ(rlvrQ)er

The expectation of one and two particle operators can be evaluated similarly

E = Z/[( \% +vemt(rz)> ’yl(r;si;ridsi)] dr;ds;

—
X[ =X;

2 1
—i—mljzzl //’yz(risi,rjsj;risi,rjsj) ;jdridsidrjdsj

N

N
1 ) 1
= NZ/ ( Vipy rz,rl))r/_rv dr; + N;/Uemt(ri)p(ri)dri
_1 Z // —pz r;,r;)dr;dr;

1,j=1

again this doesn’t seem to exactly match equation 2.4.9 of Parr-Yang, but I will
push on, since it contains the same science. The first, second and third parts
of the above equations correspond to the kinetic energy, the energy due to the

16
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nuclei and the energy due to Coulomb potential. Lets examine components of

the last piece
Ecoulomb _ i . Ndr, dr;
ij - T“pQ(rler) T';ar;
]

if we only had classical Coulomb interaction between particles, e.g. Hartree
limit, the above energy would be

1 1
= 5// ;jp(ri)p(rj)dridrj

where the factor 1/2 is due to double counting of interactions between par-
ticles. This suggests writing

[p(ri)p(r;) + p(ri)p(r;)h(ri, ;)]

p(ri)p(r;) [1 4 h(ri, r;)]

pQ(riv rj) =

| =N

the pair correlation function h(r;,r;) is a function that incorporates all non-
classical effects in the system, including exchange, i.e. the anti-symmetric prop-
erty of the wavefunction (Fock’s terms). It has very interesting and physically
relevant properties.

Since py(r;,r;) is symmetric under exchange of the two particles, h(r;,r;)
should be symmetric under exchange.
From

p(r1) L_/Pz(rh ra)drs
(r

N -1
- An )/ 2) [L + h(r1,r2)] drs

N-1 = / +hr1,r2)]dr2

/ ro dr2+/( 2)h(r1,T2)drs

=
!
[

/p(rQ)h(rl,rg)drg =-1

which hold for all ry. It is conventional to define exchange-correlation hole
(sometimes called the exchange-correlation charge) of an electron at ry by

Pec(T1,T2) = p(r2)h(ry,12)

17



palrirs) = 5pledp(e) + 3 p(rpy.(ri )
= LA () + paclriors)]

then

/pu(rl,rg)drg =1

in trying to extract some "understanding" of all this, lets put py(r;,r;) back
into the Coulomb energy

coutom 1
Egtemt = // ;J_pQ(ri,rj)dr,»drj

= %// ;jp(ri) [p(r;) + p(ri)pye(ri,r;)] dridr;

1 1
-5/ /; o)l i,
// —p(r3)pye(ris rj)dridr;
= Tl + g / [ o plwidpuceimy ),
2 Tij

then one interprets the above equation as including the classical (Hartree)
Coulomb piece plus a term that digs an exchange-correlation hole (that is why
it is called density) that takes away from the Hartree energy. Note that condi-

tion [ p,.(r1,r2)dry = —1 means that one digs a charge, such that no matter

how complicated the shape of the hole, it integrates to exactly -1, always! It
is beautiful this comes out with no approximation and with so little effort. Of
course, the challenge of what p,.(r;,r;) (which is a non-local function) remains
and gives us jobs.

4 Hartee-Fock in the density matrix language

If we take the state of the system to be a single determinant as is the case in
Hartree-Fock theory
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U(xX1,X2,...,Xy) =

2

Pixy) Ga(xn) - . . (xy)
1

= N det(¢1v5...0 ).

Parr-Yang (page-34) has a very nice discussion and derivation of the following

and theorems about uniqueness of the form of the reduced-density matrices in
the Hartree-Fock limit

vgi(xpm) vgi(X’pm) vgi(xl,xp)
1] M (x33%1) 71" (X33 X2) Y1 (X5 %p)
HF (1 / /. —
Vp o (X7 Xy Xpi X1, Xy Xp) = 3 .
T (x5 %1) - o (%)

going back to the previous section where I wrote the total energy in terms of
reduced-density matrices (and reverting to Parr-Yang notation, equation 2.3.37)

-1
E = / [<2V%+th(r1)> 'yl(x&;xl)} dx,
x|=x1
1
+//72(X1,X2;X1,X2) 7dX1dX2
12

which in the Hartree-Fock approximation is then (for even number of parti-
cles, "closed shell"), using

1
W?F(Xl,xz;xhxﬂ = B [V{IF(Xl;Xl)W{{F(XQ;Xz) - W’{IF(X2§X1)W’{IF(X1;X2)}
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(/-1
Egr = / (QV%—Fvem(rl))WfF(x’l;xl) dx;

y—
4 x)=x1

1 1
+§// [’Y{{F(xﬁxl)’ﬁIF(Xz;Xz) —’Y{{F(XQ;Xl)’Y{IF(Xl;Xz)] deldXZ
12

-1
= / <2V% —|—vem(r1)> AE(x];x) dxy

L Ixi=x;
1 HE (. HFE (. id dxo — 1 HE (o . 2 Ld d
+ 7 (s xa) T (%2 %2) X10X2 ”Yl (X27X1)’ X10X2
2 12 2 T12
which would then be minimized with respect to the wavefunctions, i.e. with
N
respect to v (x};x;) = Zwi(x’l)wz‘(xl) to give us back the usual Hartree-
i=1

Fock equations (for even number of particles, "closed shell", pages 38-40 of
Parr-Yang).

Eurlpll = Tlp1] + vear[o] + Jlp] = Klpi]

rial = [ (Gt vt tme]
vl = [ veat®)p"T 1)

Y O A S e

Klpy] = i//lpfm(rhrz)\2 édrldlé

defining the pair correlation function h*¥ (r;,r;) in the Hartree-Fock limit
(using the notation of the last section):

2
1 ’pHF(I'Q r1)|

HE _ HF _ 1 ’
Pac (T1,72) = po (X1,72) = =5 7= 5=

1 |P{{F(r27r1)‘2

HF _
h (r17r2) 771PHF(I'1)pHF(I'2)

note that the summation rules hold in the Hartree-Fock limit:
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PP (r) = N1 PEE vy, ro)dry
HF
_ PN _(rll)/pHF(r2) [1+ 1 (ry,15)] drs
N—-1 = /pHF(rz) [1+ R (1, 15)] dry

/pHF(I'Q)hHF(I'l,I'Q)dI‘Q = /pfF(I‘hI‘Q)dI‘Q =—1.

1) Density-Functional Theory of Atoms and Molecules, by R.C. Parr and
W. Yang.
2) Modern Quantum Chemistry, A. Szabo and N. S. Ostlund.

3) Modern Quantum Mechanics, J. J. Sakurai.
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